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Abstract

Diagram groups are created from geometric objects named semigroup
presentation S. These diagrams are drawn and considered as 2-
complexes. The aim of this article is to determine the covering
complex for diagram groups over union of two semigroup
presentations by adding some initial generators and relations to
alphabet and a set of relation correspondingly. The main aim is to
study subgroups of diagram group, we present a method of producing
normal subgroups of one generator. In addition, we design a new
method for computing all generators and relations for the fundamental
group 71 (K Sy U3S,, W).
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1. Introduction

In [7] we obtained the connected 2-complex space °K; that were
obtained from 3S =< a,b,c;a=b,b=c,c=a>, also we prove
that the connected 2-complex graph °K;., is the covering complex for
3K, forall i > 2.

In this paper we want to determine the semigroup presentation of
union of two semigroup presentations by adding a relation.

Let 35’1 =<a,b,cca=b,b=c,c=a>, 352 =<X,Y,Z:X =Y,y =
z,z=x> and 3S=<ab,c,x,y,z2a=bb=cc=ax=y,y=
z,z = x,x = a > be semigroup presentations. Now, we consider the
semigroup presentation S obtained from union of initial generators
and relations 3S; and 35, by adding a relation x = a (for more details
see [3], and [5]).

In fact, Guba and Sapir (1997) have shown that if S; =< X;:1r; >,
S, =<X,:r, > and S=<X;UX,:r;Ur, >are  semigroup
presentations, then for W,;, W, € D(S, W;W,)is isomorphic to the
direct product ofD(S,W;) and D(S,W,). Also, they proved if one
considersS =< X; UX,:rp U, U{W; = W,} > where X,, X,are
disjoint sets, and the congruence class ofW;modulesS;does not
contain words of the form YW,Z, where Y, Zare words overX;, X,and
YZ are not empty. Then D(S,W,;)is isomorphic to the free
productD (S;, W;)andD (S,, W;).

In section 2, we will determine the connected 2-complex space
3K;, i € Nobtained from semigroup presentation

3¢ =< ab,c,x,y,zza=bb=c,c=ax=y,y=2zz=x,a=
x >.

In section 3, we will compute the generators and relations for the
fundamental group 7, (K Sy U3S,, W).
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2. Determining the connected 2-complex graphs

Let 35 =< ab,c,x,y,zza=bb=c,c=ax=y,y=2z,z=x,a=
x> be a semigroup presentation. Associated with semigroup
presentation S =< X:r > we have a connected 2-complex graph
3K;,i € N where the vertices are word on set of alphabet X and the
edges are the form e = (Wy, R, —» R_,, W,)such thati(e) = W, R, W,,
(e) = WyR_.W,.

The connected 2-complex obtained fromSis collections of
subgraphs®K;,i € N. Note that the 2-complexgraph®K;(3S;)obtained
from semigroup presentation 3S; is just collection of subgraphs
3K; (3s;)where *K; (3S;) contains all vertices of length n and respective
edges. Similar we obtain °K;(3S,) from semigroup presentation S, for
the graph °K;(3s,). Now for semigroup presentation S, the graph
k.9 =°K:(3S,) UK, (S,) U {(u,a = x,v} such that the length
w=n—1. IfW, is a vertex in °K,CS)then W,h, he
{a,b,c,x,v,z}is a vertex in °K,,, CS). Similarly, if (u,R, = R_,,v)
is edge in K, (’S), then (u,R. = R_., vh)is the respective edge in
K1 CS).  Thus  3*K;,,(CS)  is just  six  copies  of
3K; (3S)togetherwithsixverticesandedges(u, R, — R_;, vh), h e

{a,b,c,x,y,z}.
a

y z

Figure 1: The connected 2-complex graph®K, (3S)
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While *K, (3)is

XC
Qc
zC xa
ye .
C: % \a:
‘ <y 1 a
2 ¢ a
X0

abd
zb Yo

Cb b:

Figure 2: The connected 2-complex graph®K,(®S)
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Note that K, (3S)is six copies of *K; (3S)and each vertex in each
copy are joinedtogether respectively. Likewise with six copies of
K5 (3S), the 2-complex graph °K,(3S)may be obtained by
repeating similarprocedureswithresult 3k, (3S)and so on.

Observation2.1 A connected 2—complex graph®K; (3S)contains 6!
vertices.

Observation2.2 A connected 2 -complex graph 3K, ; CS)is six
copies of *K;(3S).Thus,if there is e, edges in *K;(>S)then the
number of edges in °K;,,(3S) is 6e,,,plus all edges between
triangles in’K;,, (3S),which is e = 6e;_; + 6! + 6!,

Observation2.3VerticesUandVare connected if and only if
L(U) = L(V).

Lemma2.4 IfL(U) = L(V)thenm; CK;CS),U) = m; CK;(S),V).

Lemmaz2.5 Vertices of *K;(3$)are all words of length i.

3. Subgroups of Diagram Group Using Covering
Methods

Let W be a positive word on S. When the length of W equal to one,
then we have 6!possibilities vertices in the connected 2-complex
graph *k; (3$)namely x, y, z, a, b, ¢ as is shown Figure 1.

Definition 3.1
A 2-complex graph °K;; contains the following:

I. Vertices: The set of right cosets H[a]of H, where [a] €
B,vevV.
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ii. Edges: All ordered pairs (H[«], x®)where x is an edge in K
and € = +1.
Ii. Functions:
a. i(H[a],x®) = H[a].
b. t(H[a],x?) = H[ax?].
c. (Hlal,x®) ! = (H[ax®],x~%).

Theorem 3.2 (Rotman 1995,2002)
The component *K,; is connected 2-complex graph.
Theorem 3.3 (Rotman 1995,2002)

The map ¢, 3K (3S) =°K(S), ¢y (H[a]) = v, oy (H[a],x) = x isa
mapping of connected 2-complex graphs.

Theorem 3.4 (Rotman 1995,2002)

The map ¢4:°Kyy (°S) >°K CS), pu(H[al) = v, gy (H[al,x) = xisa
locally bijective.

Theorem 3.5 (Rotman 1995,2002)

The mapping ¢j: 11 CKy (), v") = m CK(S), v) is an injective if
@pisa locally bijective.

Theorem 3.6

Consider the following connected 2-complex graph®K; (3S) as shown
in Figure 1, such that G = m; CK; (°S), a) contains &;, where &, =<
eq,p€n,ceca >- If Hy,is the smallest normal subgroup of Gcontaining
< 87 >, then the covering complex °Ky,_(°S) for’k; (°S)is two
hexagons’ shapes.
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Proof: Use the notion of H[y] = H[B] < [yB~1] € H. From °k,(S),
m; CK,(3$)) can be obtained. Fix a vertex a in °k; (3S). Now, for any
normal subgroup ofrr; CK; (3S), @), there exists a unique covering
space, start by choosing basic H[a] where « is a path such that

i(a) = a,7(a) = v for every vertex vin °K; (3S). As a result, these
basic H[1], H[e, ], and H[e, pep,] Will be selected, and then all
possible edges, vertices, can be determined as shown in Table 1 and
Table 2.

Table 1: Vertices in *K,(3S) and 3KH12 s

Vertices in Vertices in °Ky, (°S)
K, CS)

H[1]

S Q

H[ea,b]

H [ea,b eb,c]

H [ea,b eb,cec,a]

H [ea,b eb,cec,aea.b]

H [ea,b e'b,cec,aea,b eb,c]

H [ea,x]

H [ea,xex,y]

Hlegxexyey.]

H [ea,x ex,y ey,z ez,x]

H [ea,x ex,y ey,z ez,x ex,y]

N[(R | RIN[L | R|al Q|0

H [ea,x €x,y€y,z€zxCxy ey.Z]
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Table 2: Edges in °K,(3s) and 3K,L,12 és)

Edges in Edges in °Ky, (°S)
K, (S)
€ab (H[1], eqp)
€q,b€b,c (Hleap) €apen,)
€a,0€b,c€c,a (H [ea,b eb,c]: €4,p€b,c€ca)
€a,b (H [ea,b eb,cec,a]' €a,b€b,c€caab)
€a,b€h,c (H [ea,b eb,cec,aea,b]r €4,p€b,c€c,a€abCh,c)
€a,0€b,c€c,a (H[1], €a,b€b,c€c,aCa,b€h,c)
€ax (H[1], e4,x)
€a,xC€x,y (H [ea,x]r ea,xex,y)
€q,x€x,y€yz (H [ea,xex,y]: ea,xex,yey,z)
€axCxyCy zCsx (Heaxeryeyz) eaxryey €z
€a,x (H[ea,xex,y ey,zez,x)]' €a,x€xy€y z€zxCax)
Caxlry | (H[eaxryy:€:xCax)] CaxCry@y,2€7x€axey
€axCxyCy,z (H[1], eqxex,y€y,2€2xCaxCxy ey z)

Now, suppose y:°Kyy,  (°S) =°K, (°S)defined by ¢ (H[1]) =

a, opleqs] = b,

@ (H[1], eqp) = eqp. This map can be viewed as a locally bijective.
For this reason, °Ky,,_(°S)is a covering graph for’K; (°S)and it is of
two hexagons shapes. Therefore, the covering space °Ky, (°S) for
3K, (3S) in this case is of two hexagons shapes.
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H [Eu.heﬂ cCeaabbh, t-'] H[E‘ﬂbf’brﬁfmﬁ’” .b]

f [E ﬂb] e Lh EJ'J,r:

Figure 3: The connected 2-complex graph3KH12 és)

Since a is a vertex of the connected 2-complex graph’K, (3$), and
H[1] lies over a, then by theorem 3.5 ¢j;: (11 (31(,,12 ®5),H[1])) =

Imgy; = H. As aresult, H = 1, Ky, (°S), H[1]) can be obtained as
a subgroup of ¢ = m; CK,CS), ).

The generators for 1, (31f{H12 (®), H[1]) are computed here using
maximal subtree methods, select T(°Ky,  (*S))for’Ky, (°S) (see
Figure 4).
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H[ea,b €p,c€c,aCab eb,c] H[ea‘b eb‘cec,aea,b]

H [ea,b eb,cec,a]

~

H[ea‘b] H[ea'beb'c] o

Figure 4: The maximal tree T(3KH12 )

The generators for the fundamental group (3I{H12 3$), H[1]) will
be:

1 g:CKy, CS) =
(H[l]' ea,b)(H [ea,b]: ea,b eb,c)(H [ea,b eb,c]' ea,beb,cec,a)
2. (H [ea,b eb,cec,a]: ea,b eb,cec,aea,b)

(H [ea,b eb,cec,aea,b]' ea,beb,cec,aea,b eb,c) (H [1]' e'a,b eb,cec,aea,b eb,c)_l-

3. 9,CKu,, CS)) = (H[1], €q) (H[1], €qx) (H[eq ], €axex,y)
(H [ea,x ex,y] ) ea,x ex,y ey,z) (H [ea,x ex,y ey,z] ) ea,x ex,y ey,z ez,x)
(H [ea,x ex,y ey,z ez,x)]' ea,x ex,y ey,z ez,x ea,x)

(H [ea,x €x,y€y z€zx ea,x)]' €a,x€x,y€y,z€zx€ax ex,y) (H [1]' €a,x€x,y€y,z€zx€axCx,y ey,z) L
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